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1 Introduction
This practical course serves as an introduction to the scientific field of soil hydrology.
Soil hydrology focuses primarily on understanding and predicting the water distribution
and the movement of water and solutes in soils. In recent years, the field has profited
a great deal from combining high-resolution, high-precision measurement methods with
state-of the art numerical modeling and simulation tools. While advanced measurement
methods allow for an ever more precise imaging of near-surface hydrologic processes,
numerical modeling methods have been proven to be an invaluable tool for obtaining a
consistent description of these observed water dynamics in soils.
Hence, two main aspects have emerged in the framework of this advanced practical course:
(i) the modeling of soil water dynamics and (ii) its measurement both in the laboratory
and in the field with geophysical methods. However, as the science and our group’s
capabilities advance, the material which we would like to convey to you throughout this
course has outgrown the scope of one single practical field course. Hence, starting in 2015,
this practical course has been divided into two parts, which can be occasionally combined
into one double course:
F52: Electromagnetic Methods in Applied Geophysics This is the more experimental
part of the course where a particular focus is on the application of two electromagnetic geophysical methods: time domain reflectometry (TDR) and more importantly
ground penetrating radar (GPR). The first is a high-precision point scale method
while the latter can also yield information about distinct subsurface structures.
F53: Numerical Modeling in Soil Physics In the framework of this part of the practical
course, soil water dynamics is exploited as an exemplary working horse process in
order to discuss methods for estimating effective material properties of non-linear
processes in environmental physics. Naturally, the concepts presented here are directly transferrable to different non-linear models.
Both parts are intrinsically linked as they tackle shared research questions from different
angles. Hence, you will benefit greatly from participating in both practical courses if you
have a particular interest in the fields of soil physics, soil hydrology or hydrogeophysics.
In any case you will notice, that large parts of the basic theory are shared between both
manuals, including this introduction. Subsequently, you will learn more about the specifics
of the employed experimental methods for F52, while the description of F53 turns to the
details of modeling procedures instead.
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1 Introduction

Motivation
Water is important to sustain life on Earth as it is one limiting factor for plant growth
and thus for the production of nutrients for animals and human beings.
Most of the world’s food is produced with the help of irrigation of groundwater and
fertilization. Since the time scale of groundwater renewal is several thousand years, it
is vital to use the groundwater efficiently and to minimize its pollution with fertilizers.
Evaporation, groundwater recharge, and solute transport depend strongly on the soil
hydraulic material properties of the soil, which depend on the soil water content and vary
over many orders of magnitude in a very non-linear way.
Thus, to optimize food production and fresh water consumption, the development of a
fast and non-invasive method to determine soil hydraulic material properties is needed.

Measuring the Volumetric Water Content
There is a huge variety of methods, which aim to measure the water content of the soil.
These methods can be distinguished in direct or indirect, in invasive or non-invasive techniques as well as concerning to the scale of their application. Here, indirect measurements
are methods, where the water content is obtained via physical proxy quantities such as dielectric material properties. In the following only a few examples will be given to measure
the soil water content.
The most prominent direct and invasive technique is the gravimetric method. Here,
a previously extracted moist soil sample with a known volume is weighted, dried and
weighted again. From this, one can obtain the gravimetric as well as the volumetric water
content at a single point. Disadvantageously, this method is very time consuming, when
studying the distribution of the water content at the field scale.
An example for an indirect and almost non-invasive techniques is the neutron probe, which
can be installed in a borehole. Here, neutrons are emitted and transmitted through the
soil sample of interest. The scattering of these neutrons depends on the amount of water
in the soil. Unfortunately, this technique is again only applicable on a local scale and it
is not completely without healthy risks for the operator.
Some measurement techniques of the soil water content are based on the dielectric method.
Here, the dielectric permittivity of the soil is used as a proxy for the volumetric water
content, because the relative permittivity of water (εwater ≈ 80) is significantly higher
than of the soil matrix (εmatrix ≈ 4 − 5) and of the air (εair = 1) within the soil pore space.
Examples for this class of techniques are the time domain reflectometry (TDR) and the
ground penetrating radar (GPR), which will be applied in this practical course. For both
methods, the travel time of either guided or free electromagnetic waves is measured, which
is closely related to the relative permittivity of the medium via the electromagnetic wave
velocity. Here, TDR can be recognized as a method for local measurements, where GPR is
applied on the regional scale for water content measurements for a few tenth to hundreds
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of meter survey length.
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2 Soil Physics
In this chapter, several fundamental concepts of soil physics are introduced which will be
the foundation for explaining and modeling some of the hydraulic processes which may
be observed in this field course. The aim of this section is not to present a comprehensive
theory of soil physics as such, but to briefly outline a macroscopic description of the
movement of water in soils based on few effective hydraulic parameters. Large parts of
this section are taken from Klenk (2012), all considerations largely follow the much more
in-depth treatment which can be found in the soil physics lecture notes by Roth (2012).

2.1 Porous media
Soil physics aims at describing the movement of water and solutes in the soil. A soil in
this context can usually be characterized as a porous medium. Following Roth (2012),
such a description of a soil as a porous medium assumes (i) a division of the total volume
into soil matrix and pore space which is filled by one or more fluids, (ii) the existence of
a characteristic length scale l, down to which each volume element consists of both soil
matrix and pore space and (iii) the interconnectedness of the pore space for allowing the
movement of water and solutes. The volume fraction of the pore space is denoted by the
porosity φ.

2.2 Macroscopic state variables
A direct description of the properties of the porous medium is cumbersome and not conducive to the type of problems which will be addressed in the framework of this thesis.
However, based on the existence of the characteristic length scale l, we can invoke the
existence of a suitable averaging volume, a so-called Representative Elementary Volume
(REV), containing all characteristic microscopic heterogeneities of the medium. Suitably
averaging the microscopic quantities describing the properties at the pore scale over such
a REV, the hydraulic state of the system can be described by two macroscopic state
variables, the volumetric fluid content and the potential energy density of the respective
phases. Neglecting the potential presence of solutes and assuming a constant temperature T, these state variables are determined by the height z and the pressure pi in the
respective phase i. In the context of this thesis we can restrict all following considerations
to two phases, namely air and water. Then, the volumetric fluid contents for air and
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z=0

~z

~g

z0

hm = 0
~h

Figure 2.1 Convention of the axes orientation: The z-axis and the gravitation vector ~g
are parallel and pointing downwards. At the surface z is equal to zero. The
matrix potential hm has to be zero at the position of the water table which is
located at z0 .

water, θa and θw can be defined by:
θi =

Vi
,
V

(2.1)

with Vi the volume of the respective fluid phase, and V denoting the total volume. The
potential energy densities ψa and ψw are defined as the energy which would be needed for
moving a unit’s volume of this phase from a suitable reference state {p0 , z0 } to a certain
location within the porous medium characterized by {pi , z}:
Z z
ψi (x) = pi − p0 −
~g ρi (z 0 ) d~z0 = pi − p0 − ρg(z − z0 ).
(2.2)
z0

A suitable z = z0 can for instance represent the position of the water table or the deepest
point in the considered profile; p0 will in our case be assumed to be atmospheric pressure.

2.3 Hydraulic dynamics in the vadose zone
The vadose zone is commonly viewed as the unsaturated part of the soil profile above
a ground water table. Assuming an arbitrarily mobile airphase, the movement of water
can be described by a partial differential equation, the Richards equation, which will be
derived in this section based on the conservation of mass and an empirical flux law.
An arbitrarily mobile airphase is a reasonable assumption for profile parts far away from
the groundwater table where the air phase can be assumed to be continuous and connected
to the atmosphere. In this case, the movement of air will be approximately instantaneous
as compared to the movement of water. Hence we can assume pa = p0 and restrict our
considerations to describing the movement of the water phase. This region is usually
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denoted as the degenerate multiphase regime. With these assumptions and further assuming the incompressibility of water under these circumstances (i.e. ρw = const), the
corresponding soil water potential ψw can be written, based on equation 2.2, as:
ψw = ψm − ψg = pw − p0 − ρg(z − z0 ) = pw − pa − ρg(z − z0 ),

(2.3)

with the matric potential
ψm = pw − pa ,

(2.4)

ψg = ρg(z − z0 ).

(2.5)

and the gravitational potential

From the definition 2.4 the matric potential will be negative for bound water (in the
vadose zone) and positive for free water (e.g., in the ground water). At times it might be
convenient to express the soil water potential in terms of height.
Dividing equation 2.3 by ρw g yields the so-called hydraulic head hw :
hw = hm − (z − z0 ),

(2.6)

with the matric head
hm =

ψm
ρw g

(2.7)

describing the negative height above z0 for the corresponding potential. For z0 = 0 at the
position of the water table, and equilibrium conditions (hw = 0), hm = z holds.
The conservation of mass for a fluid phase i is given by:
h i
∂t [θi ρi ] + ∇ · ρi j~i = 0,

(2.8)

with the macroscopic volume flux j~i . Assuming again water to be incompressible (i.e.
ρw = const), the conservation of water can be expressed accordingly:
∂t θw + ∇ · j~w = 0,

(2.9)

with the water flux j~w , as long as there is no explicit extraction of water from the considered volume (for example by pumping).
In porous media, a macroscopic volume flux can be described by an empirical macroscopic
flux law, Darcy’s law:
j~i = −Ki ∇ψi ,

(2.10)

stating that a slow, stationary flux of a Newtonian fluid i will be proportional to the
forcing by a potential gradient and directed in the negative direction of this gradient.
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For describing fluid movement in unsaturated porous media, this is supplemented by the
Buckingham conjecture assuming that in this case the factor of proportionality Ki will
depend on the respective fluid content θi . This yields the Buckingham-Darcy law,
which reads expressed for water flux:
j~w = −Kw (θw ) ∇ψw ,

(2.11)

with the hydraulic conductivity Kw (θw ). Hence, while the water movement in the ground
water can be described by an approximately constant value, the hydraulic conductivity
in the unsaturated zone Kw (θw ) will be a strong function of water content.
Now, inserting equation 2.11 into equation 2.9 and using the relationship 2.3, this yields
the Richards equation:
∂t θw (ψm ) − ∇ · [Kw (θw (ψm )) [∇ψm − ρg]] = 0,

(2.12)

which has first been formulated by Richards (1931). We have to reiterate that this
equation has just been derived under the explicit assumptions of a degenerate multiphase
regime, i.e. it is strictly only applicable for parts of the soil profile with sufficiently
small water contents. This has to be kept in mind, especially for comparing numerical
simulations and the results of measurements under conditions close to saturation.
Equation 2.12 also acknowledges the strong dependency of the water content θw on the
matric potential ψm . Hence, for solving this highly non-linear equation, it needs to be
supplemented by constitutive relationships for the soil water characteristic θw (ψm ) and
the hydraulic conductivity function K (ψm ). These relationships are commonly supplied
by different parameterization models which describe these relations for a given soil with
a set of effective parameters. As will be shown in the following section, these parameters
can in turn be associated with certain hydraulic properties of the studied system.

2.4 Parameterizations
The two most widely acknowledged models for these two constitutive relationships have
been provided by Mualem-van Genuchten and Mualem-Brooks-Corey. Dropping the explicit subscript w, both models are most conveniently formulated in terms of the hydraulic
head hm and the water saturation Θ:
Θ :=

θ − θr
,
θs − θr

(2.13)

with saturated and residual water contents θs and θr , respectively. The saturated water
content is in general not equal to the porosity φ of the medium, since depending in the
specific conditions even at saturation the medium can retain some entrapped air. The
residual water content describes the amount of water which cannot be simply removed
from the medium by hydraulic processes, for example by applying a pressure gradient.
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3 Fluids in Porous Media
m
z 3.3 Material Properties
⇢g

z

8:25, June 4, 2007
⇤m
⇥g

rmax
rmax

Figure 3.19.
Hydraulic capacity
of porous medium
illustrated for a bundle
of capillaries.

z
capillary fringe

m /[⇢g]

z

capillary
0 fringe

✓

✓0

⇤m /[⇥g]

Figure 3.12.
Hydraulic capacity
of porous medium
illustrated for a bu
of capillaries.

Figure 2.2 A simple model for the soil is a bundle of capillaries with a distribution
III
of different radii. The largest radius determines
the size of the capillary
II
I
fringe.
Figure 3.13.
Figure 3.20.
2

1
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1, and
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There is a multitude of parameterizing models which characterize this system in the
literature. The three most commonly applied models are the Brooks-Corey parameterization (Brooks (1966)), the van Genuchten parameterization and a simplified version of
the latter (Van Genuchten (1980)). Figure 2.3 has in fact been calculated based on the
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height above water table [m]

3
2.5
2
transition zone

1.5
1
0.5

capillary fringe
θr

0.1 0.15 0.2 0.25 0.3
water content θ [−]

θs

Figure 2.3 Soil water profile above a water table in a homogeneous sand in hydrostatic equilibrium

Brooks-Corey parameterization, which is given by:
( h i−λ
hm
;
hm < h0
h0
Θ (hm ) =
1;
hm > h0

(2.15)

with the air entry value h0 < 0 and the shape parameter λ. The more intuitive approach
is to consider its inverse function, which is defined for Θ < 1 as:
1

hm (Θ) = h0 Θ− λ .

(2.16)

In connection with equation 2.14, this formulation highlights the association of the air
entry value h0 with the largest available pores as discussed above, and the connection
of the parameter λ to the shape of the transition zone above the capillary fringe (and
in turn to the specifics of the pore size distribution). In general, h0 can be viewed as a
scaling factor since it has an influence on the shape of the transition zone, as has, e.g.,
been discussed in Dagenbach (2012).
For completeness, the general van Genuchten parameterization is given by:
Θ (hm ) = [1 + [αhm ]n ]

−m

,

(2.17)

with shape parameters α < 0, n > 1 and m > 0. The corresponding inverse function can
be expressed as:
hm (Θ) =

10

i n1
1 h −1
Θ m −1 .
α

(2.18)

2.4 Parameterizations
Setting m = 1 − 1/n leads to the special case of the simplified van Genuchten parameterization with
−1+1/n

(2.19)

i1/n
n
1 h 1−n
Θ
−1
,
α

(2.20)

Θ (hm ) = [1 + [αhm ]n ]
and its inverse formulation
hm (Θ) =

which has found the most widespread use in literature. The correct choice of a suitable parameterization may depend on the specific application. For example, the van Genuchten
formulations have certain advantages for numerical simulations due to their differentiability. However, as has for example been shown by Dagenbach et al. (2012), the simplified van
Genuchten parameterization is not necessarily suitable for describing the capillary fringe
response in a sandy material to a Ground-Penetrating Radar signal. In this case either a
Brooks-Corey type model or an equivalently formulated full van Genuchten parameterization has to be used. For more discussion on the different advantages and drawbacks of
the different formulations, refer to Dagenbach (2012) or Roth (2012).
Far from the capillary fringe (hm  h0 ), the material models can be converted between
each other via
1
(2.21)
α=
h0
and
λ=n·m=n−1
(2.22)
with exploits m = 1 − 1/n.

Hydraulic conductivity function
Similarly, the hydraulic conductivity function K (θ) will depend strongly on the pore
geometry. This can be expressed by the model of Mualem (1976), which introduces a few
additional parameters:

"R Θ
K (Θ) = Ks Θτ

R01
0

hm (ϑ)−1 dϑ
hm (ϑ)−1 dϑ

#2
.

(2.23)

Here, Ks is the hydraulic conductivity at saturation, while the term Θτ is a measure for
the turtuosity of the porous medium. In general, τ is simply treated as an additional fit
parameter. Under most conditions a value of τ = 0.5 is usually employed.
Inserting equation 2.16 into equation 2.23 yields the Mualem-Brooks-Corey model for the
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Figure 2.4 Soil water characteristic function h(θ) (left) and corresponding hydraulic
conductivity function K(θ) (right) plotted for a homogeneous sand and
a homogeneous silt. The dashed lines have been calculated using the
Mualem-Brooks-Corey parametrization, the solid lines are based on the
equivalent simplified Mualem-van Genuchten formulation. The parameters have been taken from Roth (2012).
hydraulic conductivity function:
K (Θ) = K0 Θτ +2+ /λ .
2

(2.24)

Similarly, by inserting equation 2.20 into equation 2.23 and heeding the formal condition
0 < m < 1, the corresponding Mualem-van Genuchten model is obtained with
i i
h
h
1 m 2
.
K (Θ) = Ks Θτ 1 − 1 − Θ m

(2.25)

2.4.2 Concluding remarks
In summary, these considerations leave us with a set of either six Mualem-Brooks-Corey
parameters {θs , θr , h0 , λ, Ks , τ } or seven Mualem-van Genuchten parameters {θs , θr , α, n, m, Ks , τ }
which also get reduced to six for the simplified formulation. These parameters describe
the physical properties of the considered medium and allow the description of soil water
dynamics in the framework of the Richards equation as formulated above.
An overview of both relationships calculated for two different kinds of materials can be
found in figure 2.4. The two most important results for our purposes which can be seen in
these diagrams are (i) in a fine-grained silty material, the transition zone can be expected
to be much wider than in a comparatively coarse grained sand, and (ii) the corresponding
hydraulic conductivity functions may vary over several orders of magnitude with water
content, most prominently for low water contents.
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3.1 Electromagnetic Wave Propagation in Matter
3.1.1 Maxwell’s Equations and Preliminary Assumptions
The relevant Maxwell’s equations to study electromagnetic wave propagation are
∇ × H(r, t) = Jext (r, t) +
∇ × E(r, t) = −µ0

∂
D(r, t)
∂t

∂
H(r, t).
∂t

(3.1)
(3.2)

[ E - electrical field, D - displacement current, H - magnetic field ]
[ Jext - external current density, µ0 - vacuum permeability (4π×10−7 N/A2 ) ]

Here, the equations are given for non-magnetic matter, because the most materials related
to the experiments in this practical course are not magnetizable. Therefore, the relative
magnetic permeability is set to 1. This is only violated, when soils with a non-negligible
iron content are studied.
Furthermore, in equation 3.1 an external current density is mentioned. It is the source of
the electromagnetic waves and therefore represents the antenna in the system.

3.1.2 The Electrical Conductivity
The electric conductivity results, when an incoming electric field leads to a movement of
unbounded charge carriers. For its description, one can start with the equation of motion
according to Drude (1900)
∂
∂2
q
s(r, t) + f s(r, t) =
E(r, t).
2
∂t
∂t
m

(3.3)

[ s - elongation of particles from an initial position, f -damping term due to friction / collisions ]
[ m - mass of the particles, q - charge of the particles ]

The movement of all particles with a particle density n leads to a resulting current density
J, which is given as
J(r, t) = −n q ∂t s(r, t).
(3.4)
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Substituting this into equation 3.3, results in
∂t J(r, t) + f J(r, t) =

q2 n
E(r, t).
m

(3.5)

After a Fourier-transformation, rearranging the equation and employing Ohms Law J(r, ω) =
σ(ω) E(r, ω), we obtain
σ(ω) =

q2 n
(f − i ω) m

(3.6)

[ σ - electrical conductivity. ]

Important: The electric conductivity is an effect of unbounded charge carriers and is
in general a complex function of frequency. As can be seen in equations 3.17 and 3.18
attenuation of electromagnetic waves partly goes back to the real part of σ(ω) which itself
depends on the damping factor f (You can see this by reformulating equation 3.6). Hence
one can say that the damping of the movement of free charge carriers partly causes the
attenuation; a fact that is quite intuitive. When using microwaves - as we do here - the
damping term g is found to be dominating in equation 3.6. Then, the electric conductivity
2
function reduces to the direct current electric conductivity σdc = qf mn .

3.1.3 The Dielectric Permittivity
The influence of dielectric material properties is introduced in the displacement current
D. Here, the idea is that an incoming oscillating electric field can lead to a polarization
in the medium. This can be expressed as
D(r, t) = ε0 E(r, t) + P(r, t).

(3.7)

[ P - polarization, ε0 - vacuum permittivity (8.854...×10−12 A2 s4 /kg m3 ) ]

This polarization results from displaced charges due to the electric fields1 . Furthermore,
the response due to the polarization induced by an incoming electric field is assumed to
be linear, which is only violated in the research field of high energy laser physics. This
response of the polarization need not to be instantaneous and it can have an aftereffect,
which leads to a general description given as
Z t
P(r, t) =
R(r, t − t0 ) E(r, t0 ) dt0 ,
(3.8)
−∞

which is a convolution of a response function R and the electric field. This response
function describes how the medium reacts, when a single and very sharp electric field
excitation (delta-excitation) occurs.
1

A polarization can also be induced by the magnetic field. In the scope of this work, this will be
neglected.
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This expression leads to a simple product in the frequency domain, which yields
P(r, ω) = χ(r, ω) E(r, ω),

(3.9)

[ χ - electric susceptibility, ω - angular frequency (ω=2πν), ν - physical frequency ]

where χ represents the Fourier transformation of the response function R. Then, equation 3.7 leads in the frequency domain with equation 3.9 to

D(r, ω) = ε0 1 + χ(r, ω) E(r, ω) = ε0 ε∗ (r, ω) E(r, ω).
(3.10)
Here, ε∗ (r, ω) := 1 + χ(r, ω) is defined as the relative dielectric permittivity2 of the
medium.
Important: The relative dielectric permittivity is a quantity of the energy storage of the
medium, due to a polarization of the medium. In the case that the response of the medium
concerning an incoming electric field is instantaneously and without any aftereffect, than
the relative permittivity is a constant. But in general it must be considered as a complex
function
0
00
ε∗ (ω) := ε∗ (ω) − i ε∗ (ω)
(3.11)
depending on the frequency of the incoming electrical field. So, if each frequency component of an incoming electric signal leads to a different response of the medium, the
outgoing signal is deformed. This is called dispersion.
One possible model to do derive a functional expression for ε∗ (ω) is given by the Drude
model (Jackson (2006), p. 358 ff.). This model assumes that the polarization of the
medium is caused by atomic electrons which are located in a harmonic force field leading
to an additional term ω02 s(r, t) on the left hand of equation 3.3. This means that these
electrons are assumed to be bound (by the harmonic force), which is the decisive difference
to the derivation of the electrical conductivity in section 3.1.2. Exactly the bounding force
leads to the appearance of resoncance absorption: In certain frequency ranges (absorption
00
bands) around the resonance frequency ω0 the entity ε∗ (ω) cannot be neglected and
causes the attenuation of electromagnetic waves (equation 3.17).
Howsoever, the derivation of the functional expression for ε∗ (ω) is of minor importance
for this practical course. Hence, you are referred to the literature sources for a deeper
insight.
Note: Electrical conductivity and the dielectric permittivity can be subsumed under a
general relative permittivity via
ε(ω) :=

σ(ω)
+ ε∗ (ω).
i ω ε0

(3.12)

Obviously, this entity is in general a complex number with ε(ω) := ε0 (ω) − i ε00 (ω). (For
simplicity reason, we keep the previously mentioned notation of the relative permittivity
2

Normally, the notation εr can be found in the literature for the relative dielectric permittivity. Because,
we always refer to this value in the scope of this manual, we neglect the index r.
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ε.)

3.1.4 Propagation of Electromagnetic Waves
An adequate approach solving equation 3.1 and 3.2 is the plane wave approach3 . A single
plane wave is mathematically described as
E(r, t) = E0 ei(ω t−k·r) .

(3.13)

[ E0 - amplitude factor, k - propagation vector ]

Here, the propagation vector gives mainly the propagation direction. With respect to
Maxwell’s equations, the dispersion relation
|k|2 = ω 2 µ0 ε0 ε(ω) =

ω2
ε(ω)
c20

(3.14)

[ c0 =(ε0 µ0 )−1/2 - speed of light in vacuum (c0 ≈0.3m/ns) ]

must be fulfilled. From this it is obvious that the length of the propagation vector depends
on the frequency and cannot be chosen arbitrarily.

Propagation Velocity and Attenuation of Plane Waves
Attenuation of a single plane wave always appears if ε00 (ω) 6= 0. To understand this fact,
we assume a plane wave propagating in the x-direction. Then, the phase of equation 3.13
can be rewritten with
ω√ 0
ωp 0
kx =
ε (ω) − i ε00 (ω) =
ε − i ε00 := α − iβ
(3.15)
c0
c0
as

i(ω t − kx x) = i ω t − (α − iβ) x = −β x + i(ω t − α x),

(3.16)

where α and β are defined as the real and imaginary part of the x-component of the
propagation vector. Inserting this reformulation into equation 3.13, we can see that α is
responsible for the propagation and β for the attenuation. One possible solution for α
and β - which in general are functions of ε0 , ε00 , and ω - is:
3

Mathematically, this means that two plane waves propagating in opposite directions (linearly independent!) are a fundamental solution of the Maxwell equations for a given frequency. And because of
the linearity of Maxwell’s equations, any linear combination of plane waves with different frequencies
obviously is a solution as well; Hence a big function space is covered by this, including wavelets (section 3.3.2). Thinking in the opposite direction, it also means that any observed electromagnetic field
(which by definition is a solution to Maxwell’s equations) can be represented by a linear combination
of plane waves. A fact that is expressed by the often applied Fourier Transform or frequency decomposition. This all enhances the importance of plane waves and explains why it is typically sufficient
to stay limited to plane waves in solving electrodynamic problems.
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s
α=

ω
c0

ε0

s
√
√
02
002
+ ε +ε
ω −ε0 + ε02 + ε002
and β =
.
2
c0
2

(3.17)

Important: The velocity and the attenuation of a plane wave are functions of both real
and imaginary part of the relative permittivity. Generally, they depend on the frequency,
meaning that each frequency component of an initial electromagnetic wave front is affected
differently. This effect is called dispersion of a wave front.
Assuming that the relative permittivity has only a small imaginary part, which is only
influenced by the electric conductivity, then the plane wave propagation in x-direction in
the medium can be described as
!)
(
√
ε0
x
.
(3.18)
E(x, t) = E0 exp {−σ(ω), x} exp i ω t −
c0
Note: The terms attenuation and absorption are not consistently used in literature.
Sometimes both expressions are used equivalently what increases confusion and is obviously redundant. Thus, we want to distinguish between the two processes here, according
to the following definition: Absorption is only related to the processes included in ε00 (ω):
Resonance absorption and the damping of free charge carrier movement. Attenuation
says something about the electromagnetic wave amplitude: Inserting the equation 3.16
in 3.13, we directly see that the plane wave is attenuated by the factor exp{−βx} (β
is sometimes also called attenuation coefficient). Hence, in general attenuation includes
imaginary and real parts of ε. Therefore, absorption is included as well as scattering and
other effects. However, it is interesting to notice that ε00 6= 0 (→ absorption) is still a
necessary condition for β 6= 0 (→ attenuation). This might be one reason for the given
confusion on the two terms.

3.2 Guided Waves - Transmission Line Theory
Equations 3.1 and 3.2 are the general expressions of Maxwell’s theory, they can be easily
applied to study the propagation of freely propagating waves. If we focus on guided waves
in conductors, then the geometry plays a significant role in the wave propagation.
The theory of the propagation of guided waves in electromagnetism is subsumed in the
transmission line theory. Here, the relevant observable quantities are the voltage V and
the current I. The wave equation in frequency domain for both quantities propagating
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only in one dimension (x-direction) are
∂x2 V (x) + ω 2 LC V (x) = 0
∂x2 I(x) + ω 2 LC I(x) = 0.

(3.19)
(3.20)

[ L - inductance, C - conductance ]

Using a similar approach as equation 3.13 for the voltage or the current, one can obtain
a propagation velocity
1
1
c0
v=√
(3.21)
=F √
=F √ .
0
µ o ε0 ε
ε0
LC
Here, a form-factor F is introduced in order to account for the fact, that the velocity is
influenced by the geometry of the system.

3.3 Measuring Material Properties with Electromagnetic
Waves
When applying electromagnetic waves to measure material properties, one could basically use two different techniques: (i) transmission or (ii) reflection. For both methods,
one can either evaluate the travel time or the electromagnetic wave amplitude to obtain
information about the material, in which the wave was propagating.
Because in this practical course, we will focus on reflection measurements, a short overview
of the concepts used for this measurement type will be given.

3.3.1 The Reflection Coefficient
For freely propagating waves a reflection always occurs, when the material properties
are changing. Assuming the magnetic permeability to be constant and a perpendicular
incidence, the reflection coefficient is given as
√
√
ε1 − ε2
(3.22)
r=√
√ .
ε1 + ε2
[ ε1 - relative permittivity of the upper layer, ε2 - relative permittivity of the lower layer ]

This is a special formulation of Fresnel’s equation for the reflection of electromagnetic
waves. The Reflection coefficient is the amplitude ratio of the incident to the reflected
wave. Thus, its sign indicates a possible phase shift: if r < 0 a phase factor eiπ is given. In
case of a wavelet (next section), this means that the wavelet is flipped such that positive
amplitudes get negative and vice versa.
Note: This equation is not generally valid for guided waves. Here, a change in the
geometry can also lead to a reflection, although the material properties remain constant.
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3.3.2 Wavelet Concept
In the field of GPR and TDR applications, it is assumed that an electromagnetic pulse
with a finite duration in time and a specific shape is emitted. This pulse propagates in
the adjacent medium and it is either directly transmitted to the receiver or it reaches the
receiver after one or several reflections. The sum of all incoming pulses is the measured
signal.
This pulse can be called wavelet and therefore, the measured signal can be considered
as a superposition of wavelets, where each wavelet travels along a different propagation
path.
In a lot of cases, the measured signal cannot be simply decomposed. For TDR applications
this is mainly due to the dispersion of the initial pulse. For GPR applications this results
from the superposition of different wavelets. Hence, in most applications either of TDR or
GPR, one is trying to identify significant wavelet features. Assuming them to stay almost
undisturbed, one can describe the propagation of these features with the ray approach.

3.4 The Relative Dielectric Permittivity of Soils
Soils can be considered as a three phase medium consisting of the soil matrix, air and
water. Therefore, one has to study the permittivity of each constituent and then of the
mixture. As the permittivity is determined by measuring the wave propagation velocity,
only the real part ε0 can be measured.
Because the relative permittivity of air (ε0air ≈ 1) and the soil matrix (ε0matrix ≈ 4 − 5) can
be considered as constant values in the frequency range of TDR and GPR, we will focus
on the relative permittivity of water and of the mixture.

3.4.1 The Relative Permittivity of Water
Each water molecule can be considered as a dipole, which can be orientated according
to an incoming electromagnetic field. This orientation of the molecules depends on the
frequency of the incoming field. Hence three cases have to be distinguished.
• If the frequency is too high, the molecules cannot follow and thus, they cannot store
electromagnetic energy. This results in a smaller value of the relative permittivity
of water.
• If the frequency is slower than the time for the orientation of each molecule, then
the polarization of the water can reach its maximum, which results in the highest
number of the relative permittivity value.
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• For the frequency between these sketched limits, the molecules can follow partially
the alternating electromagnetic fields. Therefore, electromagnetic energy is needed
to orientate the molecules. This energy is either re-emitted or transformed into thermal energy. This phenomenon is called relaxation process, because the reemission is
not instantaneously. Furthermore, it is coupled with absorption of the electromagnetic waves. The frequency at which the most energy is absorbed is called relaxation
frequency.
In addition, the capability for the polarization of the water molecules as well as the relaxation process and the absorption of electromagnetic energy is a function of temperature.
That is because the Brownian motion, which depends on the temperature, counteracts
the orientation of the motions.
Note: For frequencies below 1 GHz, the dielectric permittivity of water can be assumed
to be frequency independent and the imaginary part can be neglected (Gerhards (2008), p.
17). Including temperature the ε0 can be described as a function of temperature according
to Kaatze (1989) as
log10 ε0water = 1.94404 − 1.991 · 10−3 K−1 · (T − 273.15 K).
[ T - temperature in K (Kelvin) ]
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(3.23)

4 Petrophysical Relationship
Over the last decades, a multitude of different models have been proposed for calculating
the composite permittivity of soils ε0c , ranging from purely empirical relationships to more
physically inspired mixing models.
In general, the calculation of ε0c is a non-trivial issue. For example, if at least one constituent exhibits a relaxation behavior in the frequency window of interest, then the
interaction of all constituents can change this relaxation process or even lead to a multirelaxation phenomenon, e.g., due to different molecule interactions as a function of the
distance to surfaces.
If we assume however, that none of the constituents undergoes relaxation, a simple mixing
formula can be applied. Such a model expresses ε0c as a weighted average of the permittivity of all the constituents in the soil. One general formulation has been called the
’Lichteneker-Rother’ equation (e.g., Brovelli and Cassiani (2008)) given by:
εαc =

n
X

θi εαi ,

(4.1)

i=1

where n denotes the number of constituent phases and the exponent α is a fitting parameter (−1 ≤ α ≤ 1, depending on the alignment of microscopic structures of the considered
composite material with respect to the passing electromagnetic wave). For random alignment of microscopic structures, α = 0.5 is chosen. This leads to the so-called Complex
Refractive Index Model (’CRIM’, e.g., Birchak et al. (1974), or Roth et al. (1990)). Explicitly writing out the sum in equation 4.1 for the three-phase case of soil matrix, air
and water, the composite dielectric permittivity ε0c then can be expressed as
p
p
p
p
ε0c = θ ε0water + (φ − θ) ε0air + (1 − φ) ε0matrix ,
(4.2)
[ θ - volumetric water content, φ - porosity ]

Rearranging this equation, one can deduce a formula to determine the volumetric water
content via

θ=

√

ε0c −

p

p
p
ε0matrix − φ ( ε0air − ε0matrix )
p
p
ε0water − ε0air

(4.3)

which is essentially a linear relationship as a function of the composite dielectric permit-
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tivity. Such a functional relationship between a parameter which can be directly measured
with geophysical methods (here the composite dielectric permittivity ε0c ) and a secondary
quantity of interest (here the hydrologic quantity of soil water content θ) is commonly
called a petrophysical relationship.
In our case, measuring the composite relative permittivity allows to determine the water
content in the soil, provided we have additional knowledge or at least reasonable assumptions about the porosity φ, the relative permittivity of the soil matrix ε0matrix as well as the
temperature, which is needed for calculating the permittivity of water ε0water as described
in the previous chapter.
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In soil science, time domain reflectometry (TDR) is a state-of-the-art method to measure
volumetric water content and electrical conductivity of soils. The measurement principle
is based on the analysis of the propagation velocity of guided electromagnetic waves
along a TDR probe through the ground. It allows to determine the dielectric properties
of the medium which are closely related to water content and electrical conductivity. For
interested students, a comprehensive review of the TDR measurement technique is given
by Robinson et al. (2003).

5.1 Measurement Principle
A schematic description of a TDR measurement system is shown in figure 5.1. It consists
of a TDR device which is composed of a signal generator and a sampling unit, and a TDR
probe that is connected to the TDR device via a coaxial cable. The system applied in
this practical course is controlled by a computer.
The measurement principle is based on the measurement of the propagation velocity of a
step voltage pulse along a TDR probe through the ground. The probe is installed such,
that the metal rods are completely surrounded by the soil material. In this experiment,
we apply 3-rod TDR probes where the probe rods are arranged in a horizontal plane with
a constant separation between the rods. In principle, the probe rods can be regarded as
an elongation of the coaxial cable where the middle rod is the inner conductor and the
outer rods represent the outer conductor of the cable. The TDR device generates short
electromagnetic pulses (frequency range: 20 kHz to 1.5 GHz) which propagate along the
coaxial cable and further along the rods of the TDR probe. At positions where erratic
changes in relative permittivity occur, part of the electromagnetic energy is reflected.
This is why TDR was initially developed for detecting failures along transmission line
cables - TDR devices are also known as “cable testers”. The application in soil science is a
modification of this technique. At the head of the TDR probe, part of the electromagnetic
energy is reflected due to the impedance jump between the cable and probe head material.
The remaining fraction of the signal propagates through the soil along the metal rods
which serve as a wave guide. At positions where the dielectric properties of the soil change
erratically, the signal is again partially reflected. In soils with low electrical conductivity,
the remaining part of the electromagnetic energy is finally reflected at the end of the
probe rods.
The temporal development of the voltage of the reflected TDR signal is recorded by the
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Figure 5.1 Measurement principle of a TDR probe and example signal
signal detector of the TDR device. Figure 5.1 shows a characteristic voltage-time diagram
as obtained in a TDR measurement. From the signal response we can deduce the electrical
properties of the material through which the electromagnetic pulse propagates.

5.2 Evaluation of the TDR Signal
For the determination of the travel time of the electromagnetic signal along the TDR
rods through the soil we use the two significant reflections which occur in the head and
at the end of the rods of the TDR probe. From these two characteristic points we can
deduce the two-way travel time trod of the electromagnetic signal through the soil: forth
to the end of the probe and back to the probe head. With that one obtains the composite
relative permittivity of the material which surrounds the probe rods

v=

2L
c0
c0
=
=√
trod
n
ε0 εr µ 0 µ r
→ trod ∝

√

εr

(5.1)

(5.2)

where L is the length of the TDR probe rods. The volumetric soil water content is
determined from the measured relative permittivity using the CRIM formula (equation
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Figure 5.2 Travel time determination from the TDR signal

4.3).
The reflection from the probe head is independent of the material between the probe rods
an hence occurs always at the same travel time and serves as a reference in the travel
time calculation. The travel time of the reflection from the rod ends depends on the
propagation velocity of the electromagnetic wave through the soil. The difference of these
two reflection points determines the travel time of the electromagnetic signal forth and
back through the soil.
The travel time composes of the travel time through the probe head and along the probe
rods:
tprobe = thead + trods .
(5.3)
For an accurate determination of the soil’s relative permittivity the TDR probes first have
to be calibrated in media with known propagation velocities. In our case the calibration
is done by conducting TDR measurements in water and air and correcting for the travel
time in the probe head.
Determination of the travel time of the electromagnetic signal is done by using the derivative of the TDR signal and taking the largest values of the derivative occurring at the
impedance jump in the probe head and at the end of the rod as reference points (see
figure 5.2).

5.3 Measurement Volume
The measurement volume of a TDR probe is the volume of soil which has an influence on
the measured TDR signal.
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Figure 5.3 Volume fractions of the total sampling volume (a) rod distance :
rod diameter = 10 (b) rod distance : rod diameter = 5
The sensitivity of the TDR probe decreases exponentially perpendicular to the rod axes.
The volume fractions shown in figure 5.3 are determined by the probe geometry and are
independent of the permittivity of the surrounding material. The measurement volume
is primarily determined by the diameter and the distance between the probe rods: an
increase in rod diameter leads to a smaller measurement volume; a larger rod distance
causes a stronger attenuation of the high-frequency components of the TDR signal and
hence a smaller measurement volume.

5.4 Concluding Remarks
TDR probes can be installed vertically and horizontally in the soil. This way, one can investigate the complete profile down to a depth of a few meters. As discussed in section 5.3
the effective measurement volume of a TDR probe is relatively small. Hence, water contents determined from this method only represent local point measurements. For a spatial
analysis of soil water content at the field scale a huge number of measurements is required.
Furthermore, one has to apply adequate interpolation techniques in order to obtain meaningful spatial information about water content distribution. Nevertheless, TDR is still a
state-of-the-art technique in classical soil physics.
In order to obtain a good TDR measurement it is necessary to establish a good contact
between the soil and the probe rods and to avoid air gaps during installation.
In this practical course we exclusively measure average soil moisture content along the
probe rods even if the water content may be changing. Currently inverse techniques are
being developed in soil physics which allow to model the TDR signal and estimate spatial
changes in soil moisture content along the TDR probe. However, these techniques are
computationally intensive and still in a development state and cannot be applied in the
framework of this practical course.
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6.1 Introduction
Understanding nature requires detailed observation of interesting phenomena, development of possible hypotheses, and finally the testing of these hypotheses with experiments.
The results of this investigation eventually converge to a representation of the phenomenon
which allows the prediction of future system states. Thus, the major step towards a quantitative understanding of a phenomenon, is the abstraction of the real world in such way
that our mind can grasp it and that we can develop intuition (see also figure 6.1).

6.1.1 Forward model
As physicists, we therefore exploit the mathematical language to build models. The first
step is the decision for a certain scale in space and in time1 in which the phenomenon has
to be represented. This decision is necessary, as we have to introduce (i) state variables
and (ii) material properties for the description of sub-scale properties and processes. Subsequently, we can use these state variables2 to formulate principle physical conservation
laws3 . Afterwards, the most prominent processes4 are inserted into the conservation law,
leading to a first mathematical model5 .
In order to use this mathematical model, we need information about the material properties6 . As these material properties represent sub-scale processes, they are mostly described
with heuristic relationships7 which are inferred from measurement series. Note that in
general material properties vary in space and in time8 and it is very expensive (if not
impossible) to determine them directly!
From an abstract point of view, the system which we investigate can be represented by
the following set: {mathematical description, state of the system, material properties9 ,
1

e.g., time (ns, ms, s, h, y, . . . ) and in space (nm, mm, m, km, . . . )
e.g., water content θ
3
e.g., conservation of mass (continuity equation): ∂t θ + ∇~j = 0
4
e.g, an empirical flux law (Fick’s law): ~j = −K(θ)∇ψw (θ)
5
e.g., Richards equation
6
e.g., ψw (θ), K(θ)
7
e.g., ε0water (T ) but also ψw (θ) and K(θ)!
8
e.g., ψw (θ) → ψw (θ, ~x, t) and K(θ) → K(θ, ~x, t)
9
These include everything that is connected with the materials: The parameterization of effective material properties, the parameters of the parameterization, and the distribution of the materials
2
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Figure 6.1 A model helps to transform reality into a comprehensive structure with
which reality can be understood by the mind. (The figure was adopted
from Kurt Roth via personal communication.)

boundary condition10 }. Let us call this set representation of a system or model.

6.1.2 Inversion
In general, material properties are hard to measure directly but yet they are crucial for the
application of a model. If we have no a priori knowledge about the material properties which is the normal case - how can we get along? Note that the set given as the definition
of a model (see section 6.1.1) is overdetermined. This means, that if we knew for example
the correct mathematical description, material properties and distribution, and boundary
condition, we could predict the state of the system and thus the measurements11 .
As the state of the system can be approximated with measurements, we may also change
the perspective and assume that the state is known but for example the material properties are to be estimated. This is the standard parameter estimation procedure which
is also called inversion, regression or fit. Be aware, that this procedure also works for
estimating every other component of the set, as long as all other components are known.
To demonstrate this approach, the inversion method is illustrated shortly in the following.
A typical approach to estimate the material properties is to realize an experiment and to
measure at least one state variable12 . Afterwards, a model is set up which implements
the most important aspects of the experiment. After defining a measure for the distance
between the simulated and the measured state variables (objective function), simulations
for a variety of different material properties are executed and evaluated with the objective function. Those material properties which minimize the objective function in the
parameter space should be near the true material properties, if the assumptions made13
are true.
10

In the sense of space and time, the boundary conditions also include the initial condition.
We can only measure the state in combination with one realization of the measurement error at a time.
Assume that the measurement error can be described as a statistical process with a certain probability
density function. If we knew the shape of this probability density function and if we measured the
state N → ∞ times, we could relate the expectation of the measurements and the state.
12
e.g., water content θ
13
The most crucial assumption is that all other compartments of the model are perfectly known. Depending on the choice of objective function, additional assumptions have to be met.
11
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6.1.3 Data Assimilation
If you lean back and behold the problem of providing a consistent description of soil water
dynamics at a real test field, e.g., the ASSESS site14 , you will find yourself asking several
questions such as:
• How can we determine if the mathematical description is correct? How many physical processes have to be included (think about the processes that compose the
interaction of soil, atmosphere, plants, animals, microbiological organisms, . . . )?.
• How can we determine if the representation of the material properties is correct?
Which hydraulic parameterization model has to be applied? Can these simple parameterization models even describe the whole three dimensional reality adequately?
• How can we determine measurement errors? How can we specify the precision and
the accuracy (distance to true state variable) of the measurements without knowing
the ground truth?
• How can we determine the subsurface material distribution? Do we even have
effectively homogeneous material properties?
• How can we determine if the boundary conditions are correct?
• How can we determine the initial state of the system - not only at the position of
the measurement sensors but also between them?
Thus, it should get obvious that the assumption that each but one component of the
model is completely known does not hold in general. In fact, each component is only
partly known due to measurement errors, simplifications and assumptions deriving the
mathematical model and the material properties.
Therefore, we have to use a combination of the information present in the model and in
the measurements to gain a consistent description of soil water movement. This is one of
the fields on which we currently focus our research activities on.
The combination of the information can be implemented naively as an iterative process
following Occam’s Razor 15 :
1. Start with the simplest model and measurement procedure.
2. Compare model and measurements, learn, improve model and measurement procedure16 .
3. While the model data and measurement procedure is not good enough, go to step
2.
However, this approach is subjective since the actions compare, learn, improve depend on
14

A detailed introduction of this measurement site is given in section A on page 59.
Roughly: Start with the simplest approach possible and improve it if you are forced to.
16
This includes the sampling rate, measurement position and type, . . .
15
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the responsible person. Thus, such a learning procedure must be improved and objectified.
This is achieved by the application of Data Assimilation methods which compare the
simulation with the measurement data at each measurement time and add a correction
signal to the simulation depending on the measurement error, the model error, and the
difference between the measurement data and the simulation. This correction signal can
hint at missing processes which then have to be implemented to improve the model.
More information about data assimilation in hydrology is given by Liu and Gupta (2007).

6.2 Inversion of non-linear models
The main idea of inversion was already introduced in section 6.1: The representation
of a real system (model ) which is given by the set {mathematical description, state of
the system, material properties17 , boundary condition18 } is overdetermined. Thus, the
set is solved for the material properties19 , exploiting the measurements to approximate
the system state. Therefore, all inversion methods rely on the assumption of perfect
knowledge of all the other components of the model20 .
As qualitatively outlined in section 6.1.2, a measure for the distance between the simulation and the measurements has to be defined.
One popular choice of the objective function is the following:
2

χ (~p) =

i=N
X−1
i=0

[yi − y(~xi , p~)]2
,
σi2

(6.1)

where yi represents one of the in total N measured data points, each associated with
its position ~xi and standard deviation σi . These measured values are subtracted by the
simulated values y(~x, p~) for a given parameter set p~.
Note that the assumption of white gaussian measurement noise with standard deviation
σi is implicitly made by choosing this definition of objective function. The result of the
objective function χ2 is called residual or residuum.
Two popular methods for the inversion of non-linear models21 will be outlined subsequently.
17

These include everything that is connected with the materials: The parameterization of effective material properties, the parameters of the parameterization, and the distribution of the materials
18
As this is in the sense of space and time, the boundary conditions also include the initial condition
19
or any other component of the representation of the real system
20
In general this assumption is not valid. Missing processes, heuristic material properties, not directly
measurable boundary conditions, simplifications, assumptions and approximations lead to systematic
errors. Additionally, measurement errors are biased in general or may even drift, e.g., with time and
temperature
21
As the Richards equation is highly non-linear, these comparably computationally expensive methods
have to be applied. For linear cases, the inversion method comes down to solving the linear equation
system A~x = ~b for ~x. This can be solved by (iteratively, approximately) inverting the matrix A, for
example with the Gauss-Jordan algorithm.
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Figure 6.2 The Levenberg-Marquardt algorithm is applied for iteratively searching
the minimum of the objective function (e.g., χ2 (p)) in the parameter
space. The algorithm is very robust, because it moves continuously between the Gauss-Newton and the Steepest Descent algorithm depending
on the success of the current iteration. Both algorithms approximate
the local gradient ∇χ2 by the local difference quotient with the displacement ∆p. In general, the form of the objective function χ2 (p) is not
known a priori. The Gauss-Newton assumes a parabolic shape and exploits the local gradient to estimate the parameter set for the minimum
of the parabolic shape. The Steepest Descent algorithm just follows the
negative gradient. In this figure, one iteration of these two algorithms is
sketched, starting from parameter pi .
Levenberg-Marquardt
This method is one of the standard optimization algorithms for solving non-linear problems, because it is relatively efficient. Its main strength is, that it enables a continuous
transition between the Gauss-Newton and the Steepest Descent algorithm.
The assumption behind the Gauss-Newton algorithm is that the shape of the residuum
has parabolic shape near the global minimum. Thus, the position of the parameter set at
the minimum can be calculated directly.
If this assumption does not hold, the most trivial way of reaching the minimal residuum
in the parameter space, it to calculate the gradient of the residuum and to follow the
negative gradient. A sketch of this idea is presented in figure 6.2.
In the remaining part of this section, the Levenberg-Marquardt algorithm is explored in
a more formal way which follows the line presented by Press (2007).
Deriving the Gauss-Newton algorithm, it is assumed that the χ2 (~p) function can be ap-
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proximated by a quadratic form
1
χ2 (~p) ≈ γ − d~ · p~ + p~ · D · p~,
2

(6.2)

where the parameter vector p~ has M entries, the matrix D is a M × M matrix, and γ is
a scalar.
Starting with the current parameter set p~current , the parameter set p~minimal where χ2 (~p) is
minimal can be calculated directly via


p~minimal = p~current − D−1 · ∇χ2 (~pcurrent ) .22
(6.3)
The current parameter set p~current can also be improved by following the negative gradient
of χ2 (~pcurrent ), which leads to
p~next = p~current − c · ∇χ2 (~pcurrent )

(6.4)

with a scalar constant c.
The partial derivative of the objective function (equation 6.1), which has to be zero at
the minimum of χ2 , has the components
N −1

X [yi − y(~xi |~p)] ∂y(~xi |~p)
∂χ2
= −2
∂pk
σi2
∂pk
i=0

(6.5)

for k = 0, 1, . . . , M − 1. The calculation of the Hessian matrix D, requires to take an
additional derivative which yields


N
−1
X
1 ∂y(~xi |~p) ∂y(~xi |~p)
∂ 2 y(~xi |~p)
∂ 2 χ2
=2
− [yi − y(~xi |~p)]
.
∂pk ∂pl
σi2
∂pk
∂pl
∂pl ∂pk
i=0

(6.6)

It is conventional to remove factors of 2 in the equations 6.5 and 6.6 by defining
1 ∂ 2 χ2
and
2 ∂pk ∂pl
1 ∂χ2
βk ≡ −
.
2 ∂pk

αk ≡ −

22

(6.7)

See also the Newton-Method:
• Taylor expansion of function f (x) around xi : f (x) ≈ f (xi )+(x−xi )·∇f (xi )+ 21 (x−xi )·A·(x−xi ),
where the matrix A is an approximation of the Hesse matrix
• ∇f (x) = ∇f (xi ) + A(x − xi)
• At the extremum, the gradient has to vanish: ∇f (x) = 0, leading to
• x = xi − A−1 · ∇f (xi )
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With α = 12 D, the parameter update equation for the Gauss-Newton algorithm (equation 6.3) can be rewritten as the linear equation
M
−1
X

αkl δpl = βk

(6.8)

l=0

for the increments for the parameters δpl = pl,next − pl,current .
Inserting α and β in the parameter update equation for the Steepest-Descent algorithm,
equation 6.4 becomes
δpl = c · βl .
(6.9)
The calculation of the Hessian matrix (equation 6.6) can be simplified, since the dependency of αkl on the second derivative is supposed to be small compared to first derivative.
This is because the second derivative is multiplied by the factor [yi − y(~xi |~p)] and for a
successful model, this factor has the size of the random measurement error. Therefore, it
should cancel out when summed over i. Thus, the second derivative is neglected which
leads to


N
−1
X
1 y(~xi |~p) ∂y(~xi |~p)
.
(6.10)
αkl =
2
σ
∂p
∂p
k
l
i
l=0
Note that the condition βk = 0 for all k is independent of the definition of α.
The Levenberg-Marquardt algorithm bases on two important insights.
The first one concerns the constant c in equation 6.4. Apriori, it is unclear how to
choose the scale and its magnitude. However, the Hessian matrix contains at least some
information about how to choose this constant. As χ2 is non dimensional and βk has
dimension 1/pk 23 , the dimension of c has to have the dimension a2k . The only one quantity
in matrix alpha that matches this dimension is 1/αkk which is the reciprocal of the diagonal
element. Yet, the scale of this value might be too big. Therefore, it is divided by a fudge
factor λ. Hence, equation 6.9 is replaced by
1
βl or
λαll
λαll δpl = βl ,
δpl =

(6.11)

where αll have to be positive. Note that this is guaranteed by the approximation made
in equation 6.10.
The second insight is that the equations 6.8 and 6.11 can be combined by defining a new
matrix α0 (sensitivity matrix)
0
αjj
≡ αjj (1 + λ)

0
αjk
≡ αjk ,

23

(6.12)

Note, that each component has a different dimension in general.
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which replaces both equations 6.8 and 6.11 by
M
−1
X

0
δpl = βk .
αkl

(6.13)

l=0

For large λ, the matrix α0 is forced to be diagonally dominant, so equation 6.13 goes over
to be identical with equation 6.11. On the other hand, if λ is zero, equation 6.13 becomes
equation 6.8.
With an initial guess for the parameter set p~, the Levenberg-Marquardt algorithm works
as follows:
1. Compute χ2 (~p)
2. Pick a modest value for λ, for example λ = 0.001
3. Solve the linear equations 6.13 for δ~p and evaluate χ2 (~p + δ~p)
4. If χ2 (~p + δ~p) ≥ χ2 (~p), increase λ by a factor and go back to point 3
5. If χ2 (~p + δ~p) < χ2 (~p), decrease λ by factor, update the trial solution p~ ← p~ + δ~p,
and go back to point 3
There are different ways to break this loop, e.g., if either
• a lower limit for χ2 (~p),
• a lower limit for the improvement of χ2 (~p) during one iteration,
• a lower limit for the parameter correction δ~p24 ,
• an upper limit for λ, or
• an upper limit for the number of iteration
is reached. Most often, a combination of these conditions is implemented.
As soon as the algorithm is converged, λ is set to zero and the covariance matrix of the
parameters is calculated from the approximation of the Hesse matrix via
C ≡ α−1 .

(6.14)

If the measurement errors are normally distributed, the square root of the diagonal entries
of this covariance matrix C can be understood as the standard error of the parameters.
If the assumption does not hold, then there is another possibility to estimate confidence
limits of the estimated parameter set p~best : Take the parameter set p~best and solve the
forward problem. Then, create a number of synthetic measurement data sets by adding
a different realization of measurement noise to this solution. Use these synthetic mea24

In practice, one would rather define a lower limit for the relative parameter correction.
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surement data sets to estimate new parameter sets, which will give you an idea of the
confidence limits of the resulting parameter set.
Be aware, that there is the problem of the local convergence of the algorithm. As the
algorithm exploits the gradient of χ2 , the initial parameter set has to be close to the true
parameter set to ensure convergence to the global minimum. If the start parameter for
the Steepest Descent algorithm in figure 6.2 had been slightly larger, than the algorithm
would have converged to the local minimum on the right hand side. One way to investigate
the corresponding convergence radius to the problem at hand is to generate a number of
random initial parameter sets25 and to start the inversion from these. The resulting
parameter sets will give an idea, how the minima are distributed in the parameter space
and how large the convergence radius may be. This method is quite costly, however.
More information about the Levenberg-Marquardt algorithm - besides other fine information about mathematical methods and their implementation - is given by Press (2007)26 .

Shuffled Complex Evolution
The Shuffled Complex Evolution algorithm proposed by Duan et al. (1994) is a standard
parameter estimation algorithm that overcomes one problem of the Levenberg-Marquardt
algorithm because it is globally convergent. However, it is relatively slow compared to
the Levenberg-Marquardt algorithm but comparably fast compared to other globally convergent methods. It is remarkable, that the formulation of this algorithm is inspired
by evolution as it exploits the iterative separation of the population into independent
sub-populations where the individual members are improved separately only to finally
compete agains the members of the other sub-populations.
The algorithm may be sketched as follows:
1. Generate an ensemble of models27 .
2. Divide the ensemble in a number of complexes (subsets of the ensemble).
3. Improve members of the complexes separately:
Propose a new member by reflecting the worst member of the complex the through
the centroid of the other members of the complex (reflection step)28 . If the proposed
member is not better than the worst, make the contraction step 29 which proposes
a member which lies halfway between the worst member and the centroid of the
other members. If this step is unsuccessful as well, try the mutation step where the
parameters are sample randomly until a member is found which is better than the
25

e.g. uniform distribution or better sampling with Orthogonal Latin Hypercubes
The relevant chapter is called Modeling of Data and starts at page 773.
27
Give each ensemble member a different parameter set
28
The parameter α > 0 determines the width the reflection step.
29
The parameter β > 0 determines the width the contraction step.
26
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worst member.
4. Break up the complexes and sort all ensemble member according to the associated
residuum.
5. Shuffle the members in complexes30 again and go to point 3.
More information about the Shuffled Complex Evolution algorithm is given by Duan et al.
(1994).

Residuum scanner
This algorithm was implemented to explore objective function by iterating over one parameter within its specified range while keeping the other parameters constant. The
objective function is then evaluated for every iteration.
Although it is really expensive, the tool is useful to explore the over all behavior of
the objective function. However, keep in mind that χ2 (~p) is explored only in one or
two dimensions which means that by changing the other parameters, the shape of χ2 (~p)
changes in general.
Regardless of these facts, it is a nice example to illustrate the Curse of Dimensionality 31 . For example assume, that our problem at hand has d dimensions and we choose ed
evaluations per dimension which makes the total number of evaluations et = edim d . This
means, for d = 6, edim = 10 and te = 30 s for the solution of one forward problem, the
scan would take 8333 h or 374 d32 . If we like to compare that to the performance of the
Levenberg-Marquardt algorithm (let us assume it took i = 40 iterations to converge), it
would have take i · (d + 1) · te = 2.3 h to find the minimum - but only if the requirements
for the Levenberg-Marquardt algorithm are met33 . In figure 6.3, the results of for a highly
resolved (edim = 100) run of the residuum scanner is presented.

30

If the ensemble has 12 members and is divided in 3 complexes, member 1 goes into complex 1, member
2 goes into complex 2, member 3 goes into complex 3, member 4 goes into complex 1, member 5 goes
into complex 2 and so forth.
31
See also https://en.wikipedia.org/wiki/Curse_of_dimensionality
32
Typical values for research problems in our group are d ≥ 18 and te ≥ 300 s leading to a total run time
tt ≥ 9.6 · 1020 a to complete. In comparison, the age of the universe is approximately 13.8 · 109 a.
33
These include that the initial parameter set is located in a convex region of the objective function
which also includes the global minimum of the objective function
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Figure 6.3 Scan of the residuum over two parameters of the Brooks-Corey parameterization. Top: Residuum for each resulting point of the scan, Bottom:
Bilinear interpolation between the resulting points.
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7 Exercises
In this part of the practical course, you will get hands-on modeling experience with the
software which we develop to address our research questions.
The software SHIP (Soil-Hydraulics and Hydrogeophysics Inversion Package) expands and
wraps two forward models:
Muphi (µϕ)1 solves the Richards equation using a cell centered finite volume scheme with
full upwinding in space and an implicit Euler scheme in time. The linearization of the
nonlinear equations is done by an inexact Newton-Method with line search. The linear
equations are solved with an algebraic multigrid solver.
Maxwells equations are solved for the simulation of GPR radargrams with the freely
available software package MIT Electromagnetic Equation Propagation (MEEP) which
was introduced by Oskooi et al. (2010). This software exploits the Finite-Difference TimeDomain (FDTD) method proposed by Taflove and Hagnes (2005).
Both codes are physics-based, can operate in 1, 2, or 3 dimensions, and are able to run
efficiently on the largest available computers.

7.1 General Remarks
Initially, some general remarks are in order.
• Before you start modeling, always ask yourself the following questions: What is
the question that has to be addressed? What is the expected outcome? Write the
answers to these questions in your notebook to ensure the required focus and the
associated learning process. Be sure to always think about what you expect to be
the results of your simulation. To straighten these thoughts, write them down. If
the results of the simulation do not correspond to your expectation, investigate why
this is the case.
• The program is controlled with an input file (control.ini ) which contains keys and
associated values. To execute the program, open the Terminal 2 , navigate to the
folder3 , specify the keys in the control file, and then execute the program4 .
1

This code was written by Dr. Olaf Ippisch, IWR Heidelberg
You will find it in Programme → Dienstprogramme
3
Just type cd and then drag the folder from the Finder to the Terminal window to get the path to this
folder.
4
To simplify the execution of the program, bash-scripts (suffix .sh) are prepared to help you with that.
Please open them, understand them and then execute them via ./ <name of the script>
2
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• The control file control.ini is the only file where you can change the values of the keys
to your liking. Similar files such as control.ini are generated automatically on the
basis of this control.ini file - meaning changes in the control.ini will be overwritten.
If you want to specify boundary conditions, special initial conditions or architecture
(domain) files, store them in the control directory and specify the filename with the
help of the according key in the control.ini file. Measurement files are stored in
the control/measurements directory. You do not have to specify the names of these
directories along with the filename.
• Start with the given exemplary case and adjust the values of the keys step by step.
Take extra care that you do not misspell the keys or the values and that you really
choose them correctly. It is beneficial to test the simulation after a few changes to
avoid tedious error searches.
Four values behind a key indicate that the input file is also used with an optimization
algorithm to estimate the parameter associated with this key on the basis of provided
measurement data. If the second value is 1, this means that this program has to
estimate this parameter within a range that is spanned with the third and fourth
value.
• There is a first version of the manual for SHIP in the readMe directory. Please
consult it for specific information about the keys. If you need additional information,
or if something is missing, please do not hesitate to consult your tutor.
• Read all the information on each exercise carefully before you start modeling!
• In order to keep the overview about your work, it is best practice to organize the
directories along the line
<working-directory>/<main-task>/<sub-task>/<your-case-study> 5 .
Be sure to not include spaces in your directory names.
• Except for the 2D simulations in section 7.3.4, you will exclusively run 1D models
which should only take a few seconds up to a few minutes. If you are not sure
whether the simulation is doing what you want it to do, you may directly have a
look at the output files (. . . /forward/model main/) in order to check the simulation.
• If the program outputs any error message or if it breaks, check the boundary conditions and also the simulation so far. If you cannot figure out what causes the error,
contact your tutor.
• Each of the exercises labeled with an amount of time which reflects the average time
you may spend on the exercise. This time does not include the detailed evaluation
of your results. These labels are just for orientation, don’t be irritated, if this time
schedule is too tight for you.
• You can open multiple tabs in the terminal and run different case studies simultaneously.
5

e.g.,/Users/f53/Desktop/f53_<your-group-name>/exercise_*/<your-case-study>
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Figure 7.1 Application of the Plot Over Line filter in ParaView

7.2 Tools
7.2.1 ParaView
In this course, the visualization of the simulated data is mainly done with ParaView 6 .
In order to visualize the resulting *.vtr files of the simulation, open
ParaView ( ), click on the top left icon ( ) to open the files you
want to visualize. ParaView directly groups files with the same prefix,
so that you can open and visualize multiple files at once. If you just
double-click on one file, then you will be able to visualize this single file.
As soon as you opened the files, click Apply in the Properties window. Apply button
Depending on the defined output variables in the simulation, you can
choose the data type to visualize via a drop-down menu (
).
To play the temporal evolution of the simulation, just use the play buttons ( ). It may
be convenient to automatically adjust the color scale in the current frame ( ). Be aware
that this color scale is then used also in the other frames if you play the simulation.
You can also choose to plot the data along one line. Therefore, click on the files you opened
(results * ), go in the top menu bar on the screen to Filter → Data Analysis → Plot over
line. In the Properties window, you can specify the properties of the line (mostly you
just want to plot along the Y Axis - click on
). Then click on Apply, and afterwards
6

available for all common operation systems for free via
http://www.paraview.org/download/
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you can specify the variables to plot. Therefore, click on the window in ParaView which
shows the line plot in order to activate it in the Properties window. Then scroll down in
the Properties window and select the variable of interest in the drop-down menu X Array
Name and select arch length in the Series Parameters field. You can adjust the range of
the axis in the fields Left Axis Range and Bottom Axis Range.
If you want to export the active visualization to pdf, go in the top menu bar on the screen
to File and then to Export Scene (choose pdf as file type).
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7.3 Hydraulic Modeling
7.3.1 Mualem-Brooks-Corey material functions (≈ 1 h)
Goals The main focus of this practical course is on soil hydraulic material properties.
Therefore, you will get acquainted with one of several parameterization models in this
introductory exercise. The Mualem-Brooks-Corey parameterization model is widely applied to describe the hydraulic material properties of unsaturated soils as the associated
parameters may be related to microscopic properties of the soil structure (see also figure
7.2).
The main task of this exercise is to understand the mathematical formulation of the
Mualem-Brooks-Corey parameterization model, its connection to the Richards equation
and the physical implications of its parameters.

Additional Information In order to simplify this exercise, a gnuplot script was prepared
for you, which plots the hydraulic material functions based one reference parameter set.
Additionally, each parameter is changed for a specified number of times while all other
parameters fixed to the reference parameter set leading to a set of similar functions.
With the help of this script, you can get a feeling how the material parameters change
the material functions.

Tasks
1. Revisit chapter 2.3 and understand the equations 2.15 and 2.23.
2. Open the Terminal and change to the directory of this exercise (exercise 01 )
3. Open the file ’plotMualemBrooksCorey.gpt’ and try to understand how it is used.
4. Run the run.sh script which executes gnuplot to produce plots of the hydraulic
material functions that are then directly stored as *.pdf files in the directory of the
exercise.
5. Investigate these resulting plots and describe how each parameter is changing the
hydraulic material functions.
6. Try to relate these curves to the real physical system. Which physical properties
are responsible for the different characteristics of these material functions?

Questions
1. Which information do you need to specify if you like to solve the Richards equation
for a given system?
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Figure 7.2 Exemplary Mualem-Brooks-Corey material functions for the parameter
sets that may be associated with sand and silt (see also table 7.1).
2. How do the hydraulic material functions enter the Richards equation?
3. Which state variables are described with these material functions and what is the
physical meaning of these state variables?
4. What micro- and macroscopic physical properties of the soil do influence the form
of these material functions? Can you relate each parameter with a macroscopic
physical property of the soil?

7.3.2 Soil water dynamics in homogeneous materials (≈ 2h)
Goals The main task of this exercise is to explore and to explain the non-linear reaction
of the hydraulic system to the different boundary conditions, namely the fluctuating water
table and the infiltration front for two different characteristic homogeneous materials (sand
and silt).

Additional Information We will basically focus on two different ways to force the system
of interest its the boundaries:

Table 7.1 Exemplary Mualem-Brooks-Corey parameter sets to describe soil hydraulic properties of sand and silt (Carsel and Parrish, 1988).
θs
θr
h0 [m]
λ
K0 [m s−1 ] τ
sand 0.43 0.045 -0.069 1.68 8.25 · 10−5 0.5
silt
0.46 0.034 -0.625 0.37 6.94 · 10−7 0.5
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• Neumann:
This boundary condition prescribes a boundary flux which may be used to model
infiltration, evaporation, and also a fluctuating water table. Whenever you are
dealing with this boundary condition type, you have to make sure that the system
is able to maintain the prescribed flux at the boundary.
• Dirichlet:
This boundary condition prescribes a potential (matric head) at the boundary. You
may imagine a huge water reservoir leading to a given potential at the specified
boundary. In this practical course, this boundary condition type is mainly used to
model the groundwater table at a certain depth. However, this boundary condition
may also be applied with a negative potential to model, e.g., evaporation.
The boundary condition has to be specified in a separate file which is located in the control
directory. You are free to choose a filename of your liking but this filename has to be
specified in the control.ini file via the key hydr boundary condition file. The boundary
condition file has the following structure:
bound cond north 1 0
bound cond south 1 1
bound cond west 0
bound cond east 0
num times 2
0 neumann -1e-7 neumann 0
7200 neumann -1e-7 neumann 0

The boundaries of the two dimensional domain are named in the following way: North
represents the upper, south the lower, east the right, and west the left boundary. The
number behind the orientation specifiers (e.g., bound cond north) give the number of
sections with a distinct boundary condition on the according boundary edge. In this
exercise here, the boundary condition is the same on the whole extent of the boundary
edge, hence the number is set to 1. This number is followed by a global index of boundary conditions which is used to associate each section on the boundary edge with the
prescribed boundary condition for each time. Beware that this global index starts with
0: In the given example, the boundary condition on the northern edge has index 0 and
the boundary condition at the southern edge has index 1. If we do not want to define any
specific boundary condition, the number of boundary conditions on this boundary is set
to 0. This leads automatically to a neumann boundary with flux 0.0 m/s.
The key num times defines the number of lines in the file where the boundary conditions
at all the sections are associated with a specific time. These lines always start with the
time which is then followed by a boundary condition type and its associated value for
each global boundary section index. It is necessary that for each index specified in the
header of the file, one boundary condition (type and value) is given for each time. Note,
that the given times mark subsequent absolute points in time.
If two different times with the same boundary condition type but an different boundary
condition value follow upon each other, the boundary condition is interpolated between
these times. If you want to switch the boundary condition type at a given time, then you
have to specify the boundary condition for this time twice (see time 7200):
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0 neumann -1e-7 neumann 0
7200 neumann -1e-5 neumann 0
7200 dirichlet 0.1 neumann 0
14400 dirichlet 0.1 neumann 0
28800 dirichlet 0.3 neumann 0

Also keep in mind, that the boundary flux of the neumann boundary condition has to be
specified relative to the normal direction of the boundary. This means that a negative
value for the boundary flux leads to a flux into the system. The unit of the neumann flux
is [m/s] and the unit of the dirichlet potential is [m].
The size of the domain on which we solve Richards equation in this exercise is suggested
have a vertical extent of 4 m, corresponding to 800 grid cells - leading to a resolution of
one grid cell per 0.5 cm. This is done by setting the key domain gridpoints to 1 800 and
the key domain size to 1.0 4.0, respectively. The first value refers to the x (horizontal)
and the second value to the y (vertical) dimension.
For all the simulations of this exercise, be sure to output the water content as well as the
matric head by setting the key hydr output variables at least to thetal pl.
To run the simulation, always copy the directory from the examples to a working directory
of yours. This ensures that you always have access to the provided working example. In
order to keep the overview about your work, it is best practice to organize the directories
along the line
<working-directory>/<main-task>/<sub-task>/<your-case-study> 7 .
Each case study then consists of the control directory (containing the subsurface architecure, boundary conditions, initial conditions, possible measurement data, . . . ) and the
control.ini file as well as the run.sh script.

Tasks
1. Explore the soil water dynamics of a fluctuating water table
a) Copy the case study for this exercise to a working directory of your own.
b) Check whether the initial condition is specified as intended.
c) Check whether the subsurface domain is specified as intended.
d) Check whether the output variables are specified as intended.
e) In order to model a sandy material, set the keys in the corresponding keys in
the control.ini file to the parameters given in table 7.1.
f) In the control directory, setup a boundary condition file, where the ground
7

e.g.,/Users/f53/Desktop/f53_<your-group-name>/exercise_02/
fluctuatingWaterTable/<your-case-study>
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water table is located at the southern boundary at time 0 and then rises linearly
to 2.1 m above the southern boundary in the course of 4 h (imbibition step).
For further 20 hours, the ground water table should stay at 2.1 m (equilibration
step), before it is decreased linearly to the southern boundary again over the
course of another 12 h (drainage step). The boundary condition at the northern
boundary is set to a neumann boundary condition with flux 0.0 m over the
whole period of time.
g) Based on your knowledge about the material properties, try to predict the
water content distribution and the potential water content distribution over
the height for each of the three steps (imbibition, equilibrium, drainage). Be
sure to note (where appropriate also sketch) your predictions in your notebook.
h) Subsequently, run the simulation and visualize the results with ParaView. A
short introduction to this program is given in section 7.2.1. As ParaView will
be the tool for visualization in the next few exercises, be sure to read this
section carefully. For a better visualization of the hydraulic effects, choose the
Plot over line filter.
i) Discuss the differences between your prediction and the simulation.
j) If you plot the water content distribution against the height, you should see
two kinks during the imbibition step. Explain the mechanisms that lead to
these kinks.
k) Predict the behavior of the system for a silty material, record your predictions, and repeat the simulation with the silty material afterwards. Discuss
the differences between your prediction and the simulation.
2. Explore the soil water dynamics of an infiltration front
a) Copy the case study for this exercise to a working directory of your own.
b) Check whether the initial condition is specified as intended.
c) Check whether the subsurface domain is specified as intended.
d) Check whether the output variables are specified as intended.
e) In the control directory, check for the bc.dat file, understand and describe the
applied boundary condition. Use this file for the simulation.
f) Be sure to set the simulation time hydr max time accordingly.
g) Try to predict the water content and the potential distribution for each of the
three characteristic steps (infiltration, equilibrium, evaporation). The boundary condition at the southern boundary is set to a dirichlet boundary condition
with potential 0.0 m over the whole period of time.
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h) Subsequently, run the simulation and visualize the results with ParaView.
i) Discuss the differences between your prediction and the simulation.
j) Predict the behavior of the system for a silty material, record your predictions, and repeat the simulation with the silty material afterwards. Discuss
the differences between your prediction and the simulation.

Questions
1. In what characteristic way does the water content distribution during the imbibition
step differ from the one during the drainage step?
2. Explain why the infiltration front may be considered as self-sharpening.
3. Discuss the differences between the simulations for the sandy and the silty material.
4. With the gained insights into soil physics, discuss whether the sandy Sahara desert
favors groundwater recharge or not.

7.3.3 Soil water dynamics in layered media (≈ 1 h)
Goals The main task of this exercise is to explore and to explain the non-linear reaction
of the hydraulic system to the boundary conditions applied in exercise 7.3.2, for a twolayer material distribution of sand and silt.

Additional Information As in the previous exercises, the simulation should start from
the equilibrium initial condition with a ground water table at the southern boundary.
In oder to generate a architecture file which supports two materials, set the key domain number materials to 2 and tell the software to generate an architecture file by setting
the key domain generate architecture asciifile to true. Naturally, we also have to specify the name of the architecture file via setting domain architecture asciifile to architecture.dat. The software generates a layered medium if we set the keys domain generation mode
to layers and domain generate 1d layers to true. Finally, the position of the material interface has to be specified by setting domain 1d layer height 1 to 2.0.
Be aware, that two distinct sets of material properties have to be specified. You can
change the association of the material number and the material properties simply with
the key hydr material greylevel 1 8 .
For all the simulations of this exercise, be sure to output the water content as well as
8

To associate material 1 with the parameter set with the index 1, just set hydr material greylevel 1 to
1
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the matric head by setting the key hydr output variables to thetal pl. Additionally, it is
beneficial for the visualization to set the hydr output interval to 3600 s.

Tasks
1. Create a case study with two layered materials. The position of the layer interface
should be half the height of the domain.
2. At first, associate the top material with sandy material properties and the bottom
material with material parameters corresponding to silt. Use the hydraulic material
parameters given in table 7.1.
3. Create two different case studies with this subsurface material distribution: One
with the fluctuating water table boundary condition from exercise 7.3.2 and one
with the infiltration boundary condition.
4. Remember to adjust the neumann boundary flux in the infiltration boundary condition to 1/10 of the saturated hydraulic conductivity of the material where the flux
is applied.
5. Run the simulation and try to understand the temporal evolution of the water
content and the matric head.
6. Now switch the position of the materials such that the silty material is located above
the sandy material, repeat the exercise and compare the results with the previous
material distribution.

Questions
1. Why does the water content jump at the material interface even in stationary equilibrium?
2. Explain the temporal evolution of the water content and matric head in the materials
over time with your knowledge about the material functions (also figure 7.2).
3. Compare the results for the two material distributions.

7.3.4 Soil water dynamics in heterogeneous media (≈ 2 h)
Goals In this final exercise solely covering soil water dynamics, we investigate the soil
hydraulic properties of a real but artificial structure: The ASSESS test site. As shown in
figure 7.3, the structure of and consists of three distinct kinds of sands which model an
effectively 2D geometry. The soil bulk permittivity is measured with 32 Time Domain Reflectometry (TDR) and soil temperature sensors. The ground water table is automatically
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the three materials A, B and C. Solid lines indicate material interfaces, whereas dashed
own weight after the building. The positions
lines indicate measured compaction interfaces. Circles represent the 2014-07-08
TDR sensors with
stefan.jaumann@iup.uni-heidelberg.de
cs
their numbering. The sensors are partitioned in four profiles corresponding to their
a TCRA1102 tachymeter (Leica GeoSystems,
horizontal position. Sensors 1-8 represent profile 1, sensors 9-17 profile 2, sensors 18-24
(figure A.1c); hence ground-truth information
profile 3 and sensors 25-32 profile 4. The well is located at approximately 18.3 m.
precision of 1 cm. However, the accuracy of the
data is most-likely not better than 5 cm. The
into the well and extracting it afterwards. During this forcing at the lower boundary
the sand layers during the building procedure,
continuous GPR measurements were conducted on the surface.
external influences, (iii) sinking of the GPR
The boundary condition during these experiments is presented in the tables 3.1, 3.2 and
ations of geometry along the x-direction. The
3.3.
made between the 2D crosscut (figure 6.2) in
The experiment in September was designed for a stationary observation of the capillary
ata. The data, however, also include informafringe with GPR measurements. Therefore, the antennas were situated at the two-layered
because of the three-dimensional propagation
urface.
Table 3.1.
Forcing of the imbibition and drainage experiment of September 2011 with
ntent cause significant changes in the effective
48.0 cm initial water table
ir mixture. In the unsaturated state, the water
Start
End
Volume [m3 ] Minutes Flux [m3 min 1 ]
nuous (figure 2.5) in most cases if the layers’
Imbibition 11:11:00 13:11:00
3.8357
120
0.0320
variations of the pore-size distribution. On the
Drainage 15:13:00 16:44:00
3.8002
91
0.0418
ces in the grain-size distribution, as given for
le A.1). On the other hand, spatial variations
he compaction of the layers, affect the pore
ielectric permittivity are expected across the

recorded along with rain, wind, and air temperature measurements. For more information
about the ASSESS site, please refer to section A.

A priori, the hydraulic material properties of this test site are unknown and spatially and
temporally variable in general. Due to the multi-scale nature of the pore space, it is not
possible to transfer the material properties of a sample to the test site as a whole - instead
the estimation
of the material properties has to be done directly at the site and scale of
direct current conductivity
is observed at 32
and TDR probes (figure 6.2). The latter have
that we have to come up with methods that allow for the estimation
ents are conductedinterest.
on a regularThis
basis bymeans,
a
mpbell Scientific, UT,
is part of material properties directly at the field scale. One way to achieve this
of USA)
the which
hydraulic
goal ispermittivity
to exploit
he laboratory for dielectric
and the permittivity measurements of the TDR measurement devices in an
on for both quantities is conducted with staninversion.
This
topic will be discussed in more detail in the following exercises in section
vaara et al., 1995] employing signal traveltime
7.4.
The main goal of this exercise is to get you acquainted with the the material distribution
of the ASSESS site and its implication on the hydraulic behavior of the system.

Tasks
1. At first, get acquainted with the material distribution of the ASSESS site (see figure
7.3)
2. Examine to the material properties of these materials (see table 7.2).
3. Get acquainted with the boundary condition of the experiment (see figure 7.4)
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Figure 7.4 Dirichlet boundary condition measured in the pumping well of the ASSESS site (at ≈18 m) and associated tensiometer potential measurements
(at ≈4 m)
4. In order to output the hydraulic flux, set the keys hydr output variables and
hydr initial output variables to thetal pl fluxl.
5. Prepare and run the simulation
6. Play around with the parameters h0 and λ of material B in order to investigate how
the parameters influence the water distribution at the boundaries, (three different
runs with slighty perturbed parameters). Visualize the water content distribution
and the flux distribution with ParaView.
7. In order to investigate which areas in the system show high lateral flux, open one
of these time-series in ParaView, then go to Filters → Alphabetical → CellDatatoPointData. Check the Properties and set Coloring to thetal. Edit the Color Map:
Choose Preset (icon image: folder with heart): Choose Red Rainbow to Blue Then
go again to Filters → Alphabetical → Glyph. Check the Properties: Glyph Type:
2D Glyph; Active Attributes: Scalars: thetal, Vectors: fluxl; Scaling: Scale Mode:
either off or scalar, Scale Factor: 0.5; Masking: Select Uniform Spatial Distribution, Maximal Number of Sample Points: 200, Representation: Arrows, Coloring:
GlyphVector (Magnitude), Edit Color Map: Choose Preset (icon image: folder with
heart): Choose Blue to Red Rainbow. Go to the toolbar and rescale the colors manually to min: 1e-8, max: 1e-5. Run the video.

Questions
1. Explain the experiment that is associated with the given boundary conditions (see
figure 7.4)
2. Discuss to what extent single vertical sections of the ASSESS site can be modeled
in 1D
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Figure 7.5 Exemplary visualization of the initial water content and water flux distribution

Table 7.2 Exemplary Mualem-Brooks-Corey parameter sets for the soil hydraulic
properties of the distinct sands in the ASSESS test site
θs
θr
h0 [m]
λ
K0 [m s−1 ]
τ
−5
Material A 0.41 0.045 -0.188 2.32 6.2 · 10
0.31
−4
Material B 0.36 0.036 -0.168 2.44 2.1 · 10
0.93
Material C 0.38 0.030 -0.165 3.45 2.1 · 10−4 0.71
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7.4 Optimization
7.4.1 Understanding inversion (≈ 1 h)
Goals Before diving into real life problems, it is beneficial to increase the understanding
of the optimization algorithm. Thus, a simple model mode was implemented, which mimics the gradient search of the lowest point in a two-dimensional surface starting from an
initial parameter set. Besides of being comparably fast, this mode increases the intuition
of what the algorithm is doing.

Additional Information The two-dimensional surface is represented with the function
f (x, y) = p0 + p1 · (p2 + x)2 + p3 · (p4 + y)2
+ p5 · sin(p6 · π · x) + p7 · cos(p8 · π · x) + p9 · sin(p10 · π · y) + p11 · cos(p12 · π · y).
Thus, the shape of the surface is altered by changing the keys simple model parameter *.
The initial position is specified with the parameters simple model position x and simple model position y.
In addition to the (initial) value for the initial position (first value), we also have to specify
whether or not the parameter has to be estimated (second value: 0 (do no estimation), 1
(do estimation)) and in which limits the parameter value is allowed to vary (third value:
minimal limit, fourth value: maximal limit)9 .
As always, a running example is provided (exercise 05 ).

Tasks
1. Run the provided example and watch the output on the Terminal narrowly.
2. Explain how the Levenberg-Marquardt algorithm works.
3. Check the evaluation plots (exercise 05/levmar/plot evaluation 00000000*.pdf )
4. Explain why the algorithm chose that particular path to the minimum.
5. Start from different initial parameters. Does the algorithm always converge to the
same values?
6. Choose different parameters for the surface function.
7. (optional) Choose different optimization strategies by varying the λinitial , fλ,decrease ,
and fλ,increase .
9

Example: simple model position x 4.0 1 -5.0 5.0
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8. (optional) Choose a different optimization algorithm.

Questions
1. How does the resulting parameter set change, if you change the initial parameter
set just a little bit (say 1%)?
2. How could you mitigate the problem of local convergence of the Levenberg-Marquardt
algorithm?

7.4.2 Inversion of synthetic hydrogeophysical data (≈ 3 h)
Goals Prior to the realization of an experiment, the experimenter has to design the
experiment such that it is most sensitive on the research question at hand - which in this
case is the information about the hydraulic material properties. This means that one
has to choose suitable boundary conditions, the temporal measurement resolution, and
the kind and position of the measurement devices such that an evaluation method has a
chance to estimate the material properties.
As the realization of a large number experiments is in general expensive, we use synthetic
inversion runs to evaluate the design of an experiment. For these type of inversions,
we need synthetic data. This means that we choose boundary conditions, the type and
position of the measurement device as well as its temporal measurement resolution, set
up a corresponding model, and solve the forward problem.
Subsequently, we extract the simulated values at the position of the measurement devices.
Optionally, these values are disturbed, e.g., with a white (zero mean) gaussian noise
with a standard deviation that is similar to the standard deviation of the noise of the
measurement data.
If these data are used in an inversion run, we speak of a ’synthetic inversion run’. The
more sensitive the setup of the experiment is to the material properties, the better these
inversions will converge. Certainly, the more data is available, the more sensitive the
experiment will be, but as measuring data is also expensive the experimenter needs to
find the minimal measurement resolution that leads to good results.
In this exercise you will learn how to estimate soil hydraulic material properties on the
basis of synthetic hydrogeophysical data with inversion methods. Keep in mind that the
concepts discussed here are entirely general with respect to the non-linear forward model
and therefore also hold for totally different applications. On the basis of the data presented
in exercise 7.3.4, you will generate a number of different synthetic data sets which allow
you to evaluate the sensitivity of the experiment setup on the hydraulic parameters.

Additional Information Keep in mind, that in the exercises of section 7.4, the subsurface
architecture is a one dimensional vertical profile of the ASSESS site at 17 m. The whole
geometry of this test site is shown in figure 7.3.

54

7.4 Optimization
In order to generate three different data sets each featuring a distinct temporal resolution
of the synthetic data, set the key modus to generate synthetic data. The software will
create a directory for the forward model run and evaluate the simulation directly in order
to generate the data file which is expected by the inversion.
Set the key hydr output control method to steps in order to enforce the output of the state
variables in equidistant time steps. The width of these steps is specified in seconds with
key hydr output interval. The output of the forward model will be used to generate the
synthetic data which are directly stored in the control/measurements directory. If
the key synthetic data tdr have noise is set to true, then the synthetic data will feature
white gaussian noise with the standard deviation defined with the key
synthetic data tdr measurement stddev. Naturally, the parameter set given in the control file will be the ’true’ parameter set which we will try to recover with the inversion
subsequently.
In order to estimate the hydraulic parameters, we now have to switch the key modus to
optimization. Use the key optimization algorithm to specify the optimization algorithm.
Choose levenberg-marquardt for now. Defining the initial parameter set for the inversion,
be aware of the necessary requirements of the Levenberg Marquardt algorithm. At first,
you may disturb the ’true’ hydraulic material parameters, e.g., by ±10% (but be sure to
store the ’true’ parameter set somewhere).
Set the key for the standard deviation of the measurement error data tdr measurement stddev
to the value which was specified with the key
synthetic data tdr measurement stddev during the generation of synthetic data.
Heed that the key data tdr plot evaluation is set to true which invokes the generation
of evaluation files plot evaluation tdr*.pdf where the simulation is compared to the measurement data for each sensor and for each iteration of the algorithm. These files are
most helpful to study the quality of the inversion and thus of the quality of the resulting
material properties.

Tasks
1. Explain how the Levenberg-Marquardt algorithm works.
2. Create three different synthetic case studies, each with a different temporal resolution (e.g., 2 min, 20 min, and 200 min).
3. Run the inversion on each of these case studies, starting from an identical initial
parameter set which is not the parameter set used for generating the synthetic data.
4. In what way does the temporal resolution of the measurement data influence the
resulting material parameters? It is intuitively clear that a higher temporal measurement resolution leads to better parameters. Doing real experiments, measurements
are expensive. How could you assess an optimal measurement resolution?
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5. Explain and discuss the plots (plot evaluation tdr*.pdf ). How can the quality of the
resulting parameters be assessed and compared quantitatively with other inversion
runs?
6. In order to investigate the influence of the spatial measurement resolution, generate
three different synthetic data sets: The first one with sensors at the position of sensor numbers 1 and 2, the second one with sensors at the position of sensor numbers
3, 4, 7, and 8, and finally the third one with sensors at the position of sensor numbers 1, 2, 3, 4, 7, 8. The position of these sensors may be gathered from figure 7.3.
The vertical TDR sensor position is specified with the keys prefixed tdr position y.
Be aware that for every * position y also a * position x has to be specified. As you
can see from the domain gridpoints key, you run a 1D simulation. This means that
the position of the sensors on the x axis of the model need not match the position of
the sensors in reality. A good choice is to position the sensors in the middle of the
modeled domain (consult the key domain size to learn the size of the domain).In
order to neglect a certain position for the generation of the synthetic data, just
comment out the according key during the forward run.
7. Run the inversion on each of these data sets, starting from the initial parameter set
you used before.
8. As you know, the Levenberg-Marquardt algorithm is locally convergent. This means
the resulting parameter set may depend on the initial parameters you chose. In order
to investigate this phenomenon, copy the whole directory of two of the previous
case studies of this exercise10 , rename it, and start two further inversion runs with
different initial parameters. Explain the differences in the resulting parameter sets.
Run two further inversion runs - but each with a distinct initial parameter set from
the previous one!
9. Think of a way to quantitatively compare results of each of the inversion runs.
10. Plot the resulting material functions and the ’true’ material functions (soil water
characteristic and hydraulic conductivity function) in one graph in order to evaluate
the convergence.

Questions
1. What are the necessary conditions for inversion algorithms to work?
2. What is the purpose of synthetic inversion runs?
3. How can the quality of the resulting parameter be validated quantitatively?
4. To what extent is the experiment data sensitive to the hydraulic material properties?
10

choose the temporal resolution of the synthetic data to your liking
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5. Why can the synthetic inversion only approximate the true parameters?
6. Why can some parameters be identified very precisely while others can not?

7.4.3 Inversion of measured hydrogeophysical data (≈ 3 h)
Goals You already reached the final exercise where the challenges of inverting real world
measurement data which generally feature non-gaussian measurement errors are investigated. In addition to simplifications in the model and biased measurements, the problem
at hand is often mathematically ill-posed. Thus, the application of the objective function (see equation 6.1) in inversion methods implicitly implies the assumption that the
model errors are negligible and that the measurement error distribution is approximately
gaussian with zero mean. However, in general it is not known a priori whether this assumption is true. Thus, we focus in this exercise on three different case studies which
increasingly violate this assumption. Certainly, this violation has consequences which
have to be evaluated.
That said, the basic task of this exercise is to find the best parameter set for each of
the three case studies. You may apply everything that you have learned in the previous
exercises: Try different initial parameters, follow the inversion algorithm closely - you
may also adjust the parameters of the algorithm itself.

Additional Information The case studies are based on the same experiment at the
ASSESS site that was discussed in the previous exercises 7.3.4 and 7.4.2.
The first case study (1) just comprises the measurement data of sensors 1 and 2. Thus, we
estimate one set of material parameters per sensor. The second case study (2) incorporates
the measurement data of the sensors 3, 4, 7, and 8. Finally, the third case study (3)
includes all the data of the other two case studies, namely the data of the sensors 1, 2,
3, 4, 7, and 8. In addition to the data files containing the measurement data associated
with these three case studies, you may also find one file containing the measurement data
of sensors 1, 2, 3, 4, and 7 in the directory of this exercise (exercise 06).
For all three case studies, we assume a layered medium with three different layers: Material C at the top which is followed by material A after the interface at 1.0 m and finally
one layer of gravel beginning at 0.1 m. Therefore, set the key domain 1d layer height 1
to 1.0 and the key domain 1d layer height 2 to 0.1. Furthermore, assure that the following values are set for the according keys: domain generate architecture asciifile true,
domain architecture asciifile architecture.dat, domain generation mode layers, and domain generate 1d layers true.

Tasks
1. Take a look at the figure 7.3 and explain why the three case studies 1, 2, 3 in-
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creasingly violate the assumption that the model errors are negligible and that the
measurement error distribution is approximately gaussian with zero mean.
2. Choose one data set, investigate the uncertainty of the resulting parameter set by
starting the inversion runs from three different initial parameter sets.
3. In order to investigate the impact of the model errors, you find ’true’ parameters
from a sophisticated 2D inversion in the control.ini. Use these parameters as initial
parameters and investigate the impact of the model errors.
4. Identify possible model and measurement errors and discuss the implication of these
model errors and measurement errors on the resulting hydraulic material parameter
sets.

Questions
1. Discuss at least three issues that make inverting measurement data more challenging
than synthetic data. Think again about the necessary conditions for the inversion
methods to work.
2. The model represents real system in an abstract way. Discuss the simplifications
made while modeling the three different case studies in this exercise. In what way
do these simplifications influence the outcome of the inversion?
3. Discuss the following statement: In an inversion run which uses at least the data of
sensors 2, 7, and 8, the information added through the measurement data of sensor
8 is redundant. Thus, it is legitimate to exclude these data from the inversion.11

11

Hints: Check the measurement data of all sensors which are located in the same material as sensor
8. The data of all these sensors determine at least one material parameter of the shared material.
In what way does the data measured by sensor 8 disturb the resulting material parameter? What
are implications of this? Discuss whether it is legitimate to exclude the data measured by sensor 8
from the inversion. In order to support your hypotheses, you may also start an inversion run with
the measurement data file that does not contain the data of sensor 8.
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A Site Introduction: ASSESS-GPR
The experiments of this field course are conducted at our experimental field site ASSESSGPR. This artificial testbed has been built into a former drive-in fodder silo close to
Heidelberg in June 2010. Its main purpose is to facilitate the understanding of hydraulic
soil processes and further state-of-the-art GPR measurement and modeling methods. The
following site description is taken from Klenk (2012).

A.1 Construction and basic characteristics
Some pictures taken before and during the construction process can be found in figure A.4.
The testbed is about 20 m long, 4 m wide and approximately 1.9 m deep. Its total surface
area has been estimated to 79.94 m2 . The concrete bottom and walls of the structure
have been sealed by adding a sturdy polyethylene foil (see picture in figure A.4c). A
complicated but well-defined quasi-2D architecture was designed as a part of the diploma
work of Antz (2010). This design features three distinct kinds of sand with a gravel layer
of about 0.1 m thickness at the bottom. A sketch of this subsurface architecture can be
found in figure A.1. As can be seen in this sketch, there are regions of different complexity
with respect to the soil water dynamics and the expected GPR signal evaluation. Ordered
by increasing complexity, the following regions can be distinguished:
• a two-layer region (16 m . . . 20 m)
• several three-layer regions, in part with swapped layering of the materials (0 m . . . 2 m
vs. 7 m . . . 10 m and 12 m . . . 14 m)
• regions with slanted (2 m . . . 7 m) and converging reflectors (14 m . . . 16 m)
• and, most distinctively, a synclinal structure (10 m . . . 12 m)
Since the bottom and the wall of the whole structure have been sealed, precipitation will
accumulate at the bottom, leading to a rising water table over time. During normal operations of the test site, the water table is kept at depths between -1.6 and -1 m by pumping
water out of the observation well which is located at approximately 18.4 m. If desired,
the pumping well can also be used for artificially raising the water table through imbibition. The high saturated conductivity of the additional gravel layer at the bottom of the
structure is to equally distribute imbibition or drainage fluxes along the lower boundary
during our experiments.
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Figure A.1 Sketch of the structure of the ASSESS-GPR test site. Thick black lines
denote layer boundaries between the differently shaded materials, the
dashed black lines known compaction interfaces within the same material. TDR sensors are indicated by red dots.
During the building process, the sand was carefully added layer by layer. To ensure the
stability of the boundary layers, the sand was compacted with a vibrating machine after
each layer addition. Due to the thickness of the different layers, the sand also had to be
compacted several times within the same layer, leading to distinct compaction interfaces.
The position of some of these compaction interfaces has been explicitly determined; those
interfaces are illustrated by the dashed black lines in figure A.1. The porosity change over
these compaction interfaces can give rise to a reflection of the GPR signal, depending on
the hydraulic state of the site.
The boundary conditions (e.g. precipitation, air temperatures, water table position) are
measured on-site by an automated weather station (see Antz (2010) for details). In particular, 32 TDR sensors have been placed in four separate profiles as indicated by the red
dots in figure A.1.
During spring and summer 2015, the ASSESS site has been outfitted with a motorized
measurement system which is simply called ”field scanner” in the following. This field
scanner comprises a measurement bridge which can move automatically up and down
the ASSESS site. On this bridge, the antennas can be fixed in several positions allowing
the automated acquisition of common offset measurements with differing antenna separations, at different polarizations as well as acquiring CMP measurements automatically
at different positions along the ASSESS site.

A.2 Exemplary GPR measurement
A typical example of a multi common offset GPR measurement under quasi-equilibrium
conditions (acquired at an antenna box separation of 1.3 m after a dry-spell of approximately four weeks) is shown in figure A.3. For facilitating the visibility of subsurface
structures, the direct wave has been clipped for the two internal channels (INT1 and

60

A.3 Previous studies at ASSESS-GPR

Figure A.2 Morning view of the ASSESS site during a field experiment in November
2015
INT2). In general, the reflections generated by the subsurface interfaces are clearly distinguishable. Most prominent features include the layer boundary between sands B and C,
especially including the reflection signal generated by the synclinal structure at 8. . . 10 m.
At travel times between 38 and 50 ns, two continuous reflections can be discerned. The
first, fainter reflection is most likely generated by the transition to the gravel layer while
the second, more prominent reflection is generated by the concrete bottom. Furthermore, there is a comparatively weak horizontal reflection arriving at travel times around
22 ns. This reflection is essentially generated by the top of the capillary fringe and the
corresponding transition zone above the water table.

A.3 Previous studies at ASSESS-GPR
In recent years, a series of diploma, master and PhD theses have been carried out in
connection to the ASSESS site:
The design and the construction process of the ASSESS-GPR site were a part of the
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Figure A.3 Exemplary four channel measurement of the whole ASSESS-GPR site
acquired at November 28th 2011 after a long dry spell. Channel designations and the corresponding antenna separations are indicated in each
radargram. Channels one and two denote the two internal channels,
three and four the long and short crossbox channel, respectively.
diploma thesis of Antz (2010).
The water content measurements recorded by the TDR probes have been the basis for the
recent diploma work of Jaumann (2012), focusing on the estimation of effective hydraulic
parameters for the ASSESS-GPR structure. The current best result of an effective parameter set calculated in a recent inversion based on that work are reported in Table 7.2.
A first GPR related study at the ASSESS-GPR site was carried out by Kühne (2010),
analyzing the temporal variability of soil water content as measured with multichannel
GPR between June and September 2010. Subsequently, this analysis was extended by
another time-series measured between December 2010 and April 2011 in the framework
of the thesis of Bogda (2011), focusing on optimizing the measurement setup for the multichannel analysis. GPR data acquired at the ASSESS-GPR site have been the basis for
the novel inversion approach for surface GPR data which has been presented by Buchner
et al. (2012).
The well-controllable nature of the ASSESS-GPR site provides excellent conditions for
studying the GPR response to different hydraulic states of a field site. Such different
hydraulic states can be simulated by varying the water table through imbibition and
drainage into and from the structure at the observation well. A first description of the
GPR response to experiments with fluctuating water tables has been recently provided by
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Seegers (2012). These experiments were also the foundation for the diploma thesis of Dagenbach (2012), who performed a detailed numerical analysis of the GPR response to the
transition zone above the capillary fringe. Comparing the time-lapse measurements acquired during the experiments to the results of numerical simulations, an appropriate soil
hydraulic parametrization has been identified by Dagenbach et al. (2012). Keicher (2013)
carried out a series of GPR measurements at the ASSESS site for detailed investigation
of the precision and accuracy of our instruments. Most recently, this was expanded upon
by Piepenbreier (2015), focusing on detailed investigations of amplitude and frequency
behavior of different GPR signals recorded at the ASSESS site.
In case you are interested in expanding this list, please feel free to contact us! :-)

A.4 Alternate field site: Grenzhof
In case the ASSESS site is unavailable for practical course measurements, the experiments
will be conducted on an alternate field site close by, which is called the ”Grenzhof–site”.
This is a stretch of formerly agriculturally used land which our group has been leasing
continuously for the last 15 years. The site is equipped with an automated weather station. Several soil profiles have been instrumented with TDR and soil temperature probes
measuring continuous time-series for over a decade. Experiments we have been carrying
out at this site were aimed at understanding the nature soil water and contaminant flow
in the vadose zone as well as the energy balance at the soil-atmosphere boundary. Before
the ASSESS site had been built, most of our development of GPR methods have been
taking place here as well.
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(a) ASSESS-GPR site before construction.
View towards start of GPR profiles

(b) ASSESS-GPR after smoothing of the
ground. View towards end of GPR profiles

(c) ASSESS-GPR after installation of the
pond liner

(d) ASSESS-GPR during construction

(e) GPR measurements during imbibition and
drainage experiment

(f) GPR measurements during imbibition and
drainage experiment

Figure A.4 Pictures from the ASSESS-GPR site. The top row shows the structure
before, the middle row during construction. The bottom row shows the
GPR measurement process during the imbibition and drainage experiments similar to what we will be conducting in the framework of this
field course
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